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Abstract 
In this note we discuss various existential problems related to graph orientations, to ordered 
graphs and their relationship to Ramsey theory. Particularly, we disprove a conjecture posed by 
Cochand and Duchet (1989). 
In many questions of Ramsey theory it is convenient (and in fact necessary) to work 
with graphs with a linearly ordered set of vertices. We call such graphs ordered graphs. 
An ordered graph given by graph G = (V, E) and linear ordering < of V will be 
denoted by (G, ,< ). An induced subgraph G of H which is monotone isomorphic to 
G will be called shortly an induced ordered subgraph to G. 
The following notion was introduced by NeSet3 and Riidl [4]: 
Let (G, < ) be an ordered graph. A graph H is said to have the ordering property for 
(G, d ) if for every ordered graph (H, 5) (i.e. for every linear ordering 3 of vertices of 
H) there exists an induced subgraph G’ = (V, E’) such that the monotone bijection 
(V, d ) + (V’, 5 1 V’) is an isomorphism of G and G’. 
This fact is denoted by (G, d )a H. 
Both historically and conceptually the ordering property played a key role in the 
development of structural Ramsey theory, see [4,5, 71. Several old results (together 
with ad hoc proofs) were recently published, e.g. in [l, 8-J. In this paper, we present the 
strongest known structural results. 
The following is proved in [S]. 
Theorem 1 (Ordering Lemma). For every ordered graph (G, d ) there exists a graph 
H with(G, <) ord.. 
We now give two proofs for the Ordering Lemma. 
Proof 1 (see NeSetiil and Riidl [S]). We deduce the Ordering Lemma from the 
following result proved in [S]. 
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Ordered Ramsey Theorem: For every ordered graph (G, < ) there exists an ordered 
graph (H, G ) such that for every partition E(H) = El u E, there exists an ordered 
induced subgraph (G’, d ) of (H, d ) isomorphic to (G, < ) such that all edges of G 
belong to one of the classes Ei. 
The validity of this statement will be denoted by (H, < ) + (G, < )z. 
Given (G, d ), let (6, 6 ) be any ordered graph which contains both (G, < ) and 
(G, 6- ‘) as an ordered induced subgraph. Let (H, < ) -+ (6, < )$. We prove 
(G, d )*H: Let 5 be a linear ordering of V(W). Put xy E El iff x < y and x 5 y. 
We put xy E E2 otherwise. Now we use the Ramsey property of (H, < ) to find an 
induced ordered subgraph of (H, 5) isomorphic to (G, d ). 0 
The Ordering Lemma has some interesting corollaries. 
Corollary 2 (Rod1 [9], implicit in [2]). For every directed acyclic graph f? there exists 
an undirected graph H such that every acyclic orientation fi of H contains an induced 
subgraph isomorphic to G. 
One can also deduce the ordering property (i.e. Theorem 1) from the Ramsey 
Theorem for directed acyclic graphs. Although we show below (in Corollary 4) 
a general result implying it, we give a direct proof here. 
Proof 2. We deduce the Ordering Lemma from the following result proved in [9] and, 
implicitly, in [2]. 
Oriented Ramsey Theorem: For every directed acyclic graph G there exists a dir- 
ected acyclic graph fi such that for every partition E(B) = El u Ez there exists an 
induced subgraph G’ of fi isomorphic to G such that all arcs of G’ belong to one of the 
classes Ei. The validity of this statement will be denoted by fi + (g)$. 
Let (G, < ), G = (V, E) be a given ordered graph and let c = (V, B) be the acyclic 
orientation of G induced by < . By eventual addition of directed paths of length 
2 between consecutive vertices, we may assume that c contains a directed hamiltonian 
path. 
Let G1 be the directed graph formed by the disjoint union of G and the graph 
obtained by the reversal of all the arcs of c. 
Now let fi + (Gr)$. Denote by H the undirected graph corresponding to fi. We 
claim that (G, 6 )“d-) H. 
Towards this end, let d be a fixed ordering of V(H). Define a colouring 
E(fi) = El u E2 by (x, y) E El iff (x, y) E E(fi),x < y,(x, y) E E2 otherwise. 
Now there exists a monochromatic induced subgraph e’r of 3 isomorphic to G1. 
By the definition of the colouring and by the hamiltonicity of each of the components 
of G, the ordering < of H contains an induced ordered graph isomorphic to G. 0 
The strongest known result on ordering property is the following theorem. 
Theorem 3 (Sparse Ordering Property). Let JZZ be a jinite set of 2-connected graphs. 
Denote by Forb(d) the class of all graphs G which do not contain any graph A E: d as an 
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induced subgraph. Then for every ordered graph (G, < ), G E Forb(&) there exists 
a graph H E Forb(&) with (G, d )a H. 
This is proved in [6] by nonconstructive means and no constructive proof is 
presently known. 
It is fortunate that there exists a proof of the Ordering Lemma which is independent 
of the Ramsey Theorem (and its generalizations). It may seem (see [l]) that imposing 
an ordering (or orientation) on a given oriented graph imposes some additional 
difficulty in proving Ramsey type results. This is not the case, as shown by the 
following general result which covers all presently known cases. 
Corollary 4. Let d be a finite set of 2-connected graphs. Then the following three 
statements are equivalent: 
(1) Ramsey Theorem for Forb(&): f or every graph G E Forb(d) there exists a graph 
H E Forb(d) such that H -+ (G):. 
(2) Ordered Ramsey Theorem for Forb(d): for every ordered graph (G, < ), 
G E Forb(d) there exists an ordered graph (H, < ), H E Forb(d) such that 
(H, <) + (G, <)t. 
(3) Oriented Ramsey Theorem for Forb(d): For every acyclic orientation G of 
a graph G E Forb(&) there exists an acyclic orientation fi of a graph H E Forb(&‘) 
such that fi -+ (G):. 
Proof. Implications (2) * (1) (2) * (3) and (3) * (1) are evident. For reverse implica- 
tions, we use the Sparse Ordering Property (i.e. Theorem 3) for class Forb(&). It 
suffices to prove (1). * (2): Thus, let (G, < ) be an ordered graph, G E Forb(&). 
Choose G, E Forb(&) with (G, d )* Gi. Now let H satisfy H + (G&. We claim 
that the arbitrary linear ordering < of H satisfies 
(H, <)-(G, <);: 
If El u E2 is given partition of E(H), then we first find an induced subgraph G; of 
H isomorphic to G1 such that all edges of G; are in Ei. Consider G; as an ordered 
graph (G;, < ) with the linear ordering of its vertices inherited from the linear 
ordering d of vertices H. By (G, d )a Gi we get that (G;, < ) contains an induced 
subgraph isomorphic to (G, d ). 0 
As shown above, one can also deduce the Ordering Lemma from the Ordered 
Ramsey Theorem or from the Oriented Ramsey Theorem. However, in general one 
cannot deduce the Ordering Lemma from the Ramsey Theorem only. This is shown, 
e.g. by the class of bipartite graphs for which the Ramsey Theorem holds while the 
Ordering Lemma obviously fails. 
One can combine the above theorems in various ways to get a (seemingly) stronger 
statement. For example, one gets the following corollary. 
Corollary 5. For everyfinite set of 2-connected graph 1$ the following holds: for every 
acyclic orientation I? of a graph G E Forb(&) there exists a graph H E Forb(&) such 
that fi + (G); for every orientation fi of H. 
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However, one cannot extend these results (such as Corollary 2 or Corollary 4,5) to 
general (nonacyclic) orientations. This is based on the following easy lemma. 
Lemma 6. Let G be an edge 2-connected graph. Then there exists a strongly connected 
orientation 7; of G such that every subset A c V(G), 1 Al > 2, contains x E A which is 
a head of at most one arc of the graph CA (CA denotes the subgraph of G induced by the 
set A). 
Proof. Let G = (V, E). Let T = (V, E,) be a depth first tree (DFS) rooted in r E V. Let 
?’ = (V, E) be the orientation of T given by the direction out from the root. By the 
basic property of DFS for every edge e = xy E E - El there exists an oriented path in 
?from x to y. We orient such an edge e from y to x. This defines an orientation E of E. 
G = (V, 2) is a strongly connected graph, as every point is reachable from r. It follows 
from %-connectivity of G that r is reachable from every point. 
Corollary 7. For every oriented graph G with in-degree of any its vertex > 2 there is no 
graph H such that every strong orientation i? of H contains a copy of I?. 
This disproves a conjecture (and a related claim for tournaments) of [l]. 
If one wants to get an analogy of Corollary 2 for nonacyclic orientations, one has to 
impose some kind of more global condition (for example, “quasirandomness” of the 
orientation, see [7]). 
Note added in proof. Using a different argument the conjecture of Cochand and 
Duchet was indepently disproved by G. Brightwell and Y. Kahayakawa (to appear in 
Random Structures and Algorithms). 
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